MULTIPLE SOLUTIONS TO SINGULAR FOURTH ORDER 
ELLIPTIC EQUATIONS 



MOHAMMED BENALILI AND KAMEL TAHRI 



Abstract. Using the method of Nehari manifold, we prove the exis- 
tence of at least two distinct weak solutions to elliptic equation of four 
order with singulatities and with critical Sobolev growth. 

1. Introduction 

Fourth order elliptic equations have been intensively investigated the last 
tree decades particularly after the discovery of an important conformally 
invariant operator by Paneitz on 4 - dimensional Riemannian manifolds [19] 
and whose definition was extended to higher dimension by Branson [Sj.This 
operator is closely related to the problem of prescribed Q- curvature. Many 
works have been devoted to this subject ( see [1], [2], [3], [3j, [5], [6], [7], 

eh, m )■ Let (m,^) 

a compact smooth Riemannian of dimension n > 5 with a metric g. We 
denote by //|(M) the standard Sobolev space which is the completion of 
the space C°° (M) with respect to the norm 

k=2 
fc=0 

H2{M) will be endowed with the equivalent suitable norm 

IMhKm) = ij^^ [i^guf + \^gu\^ + u^) dvg)^. 

Recently, Madani [18] , has considered the Yamabe problem with singularities 
which he solved under some geometric conditions. The first author in [6] 
considered singular fourth order elliptic equations with of the form 

(1.1) A\ - (a(x)Viu) + b{x)u = f \u\^'^ u 

where the functions a and b are in L^{M), s > ^ and in L^^M), p > j 
respectively, N = is the Sobolev critical exponent in the embedding 
Hl{M) ^ (M). He established the following result. Let {M,g) be 
a compact n-dimensional Riemannian manifold, n > 6, a € L^{M), b G 
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LP{M), with s > §, p > f , / G C°°(M) a positive function and Xo € M 
such that f{xo) = maxxeM f{x)- 

Theorem 1. Let {M,g) be a compact n- dimensional Riemannian manifold, 
n>6, a€ L'{M), b G LP{M), with s > ^, p> f £ C°°(M) a positive 
function and P £ M such that f{P) = maXa;gAf f{x). 

For n > 10, or n = 9 and |<p<ll or n = 8 and 2 < p < 5 or n = 7 
and |<s<9, j < p < 3 we suppose that 

n^ + 4n-20 n-4 A/(P) 

6 (n - 6) (rz2 - 4) ^ 2n (n - 2) f{P) ' 

For n = 6 and | < p < 2, 3 < s < 4, we suppose that 

Rg{P) > 0. 

T/ien i/ie equation has a non trivial weak solution u in {M). More- 
over if a £ HI (M), then 

u G C°'^, for some /? G (o, 1 - 3^) •• 

For fixed R G M, we define the function p on M by 



(1-2) p{Q) 



d{R,Q) if d{R,Q) < 6{M) 
5{M) if d{R, Q) > 6{M) 



where 6{M) denotes the injectivity radius of M. 

In this paper, we are concerned with the following problem: for real 
numbers a and /i, consider the equation in the distribution sense 



(1.3) A^u - V\ap~^'Viu) + p-%u = A \u\'''^ u + f{x) u 

where the functions a and b are smooth M and 1 < g < 2. Denote also by Pg 
the operator define on H2 (M) by u — >■ 
Our main results state as follows: 

Theorem 2. Let < cr < 2 and < ^ < 4. Suppose that the operator Pg 
is coercive and 
(C) 

A/(a:o) l\ (n-l)n(n2+4n-20) | . 

Sg{xo) > in case n = 6. 

Then there is A* > suc/i i/iai if X (0, A*), i/ie equation /il.3\) possesses 
at least two distinct non trivial solutions in the distribution sense. 

The proof of Theorem [2] relies on the following Hardy-Sobolev inequality 
( see 0]). 



Sg (xo) in case n > Q 
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Lemma 1. Let {M,g) be a compact n- dimensional Riemannian manifold, 
and p, q and 7 real numbers satisfying 

l<q<P< —, n>2q, 1 = -2 + n { > . 

n — 2q p \Q P J P 

For any e > 0, there is a constant A{e, q, 7) such that 

V/ G HUM), WfWl^, <(! + £) K^{n, q, 7) || V^K + M^, q, l) 11/11^ • 

In particular in case 7 = 0, K(n, q, 0) = K(n, q) is the best constant in 
Sobolev's inequality. 

For brevity along all this work we put Kq = K{n, 2). 
Let a and ^ be as in Theorem [2l the Hardy- Sobolev inequality given by 
Lemma [1] leads to 

|2 

|2\ 



/ -dvg <C{\\V\Vu\f + \\Vi 



and since 

||V |Vnlf < ||V\||^ < ||Anf + /3 ||Vnf 
where /3 > is a constant and it is well known that for any e > there is a 
constant c (e) > such that 

llVulp < e II Anlp + c ||ti||^ . 



Hence 

|2 



(1.4) / ^-^dvg<C{l + e)\\/\u\\^ + A{e,a)\\u\\^ . 

Jai P'^ 

Let K{n, 2, a) be the best constant in inequality (jl.4p and i^(n, 2, //) the 
best one in the inequality 

/ — df„ <C(l + e) ||Auf + A(e,^) ||nf . 

For any < fi < 2 and < ^ < 4, let Uo-,^ be the solution of Equation (|1.7|) . 
In the sharp case a = 2 and ^ = 4, we obtain the following result 

Theorem 3. Let (M, g) be a Riemannian compact manifold of dimension 
n > 5. Suppose that the operator Pg is coercive and let [u^^^j^]^^ be a se- 
quence in M\ such that 

VJA(n,,J-Ai,,,V<I>A(7x,,J^0 • 



Suppose that 



nKoHfixo)) — 
and 

1 + max {K{n, 2, a), A (e, a)) + max {K{n, 2, /Li), A (e, /x)) > 
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then the equation 

A u — v^l^V nU) ^ — J = J \u\ u + X\ur u 

has at least two distinct non trivial solutions in distribution sense. 

We consider the energy functional Jx defined by for each u E -ff|(M) by 

Jx{u) = 11 ({Aguf - a{x)p'^ \Vgu\' + b{x)p-^'u^) dv{g)-- [ [n^ dv{g) 

N 



fix) \u\'' dv{g). 

M 



1 

Put 

«>A(n) = (VJA(n), u) 



^x{u)= f ({Aguf -a{x)p-''\Vgu\^ + b{x)p-^'u^)dv{g)-\ f \u\'' dv{g) 
Jm ^ ' Jm 



M 



f{x) \u\'^ dv{g) 



and 



(V«>A(n), u) = 2 [ ({Aguf - a{x)p-'' |VgUp + b{x)p-^'u^) dv{g)-Xq [ |n|^ dv{g) 
Jm ^ ' Jm 



— Xq / \u\'^ dv{g) — N / f{x)\u\ dv{g). 
Jm Jm 

It is weU-known that the solutions of equation ()1.3p are critical points 

of the energy functional J\. The Nehari minimization problem writes as 

follows 

OA = inf {J\{u) : u £ Nx} = inf Ja(u) 

ueNx 

where 

Nx = {ue Hl{M)\ {0} : ^x{u) = O} . 
Note that A^'a contains every solution of equation ()1.3p . 
A^'a splits in three parts 

N+ = {n € iVA : {V<^x{u), u) > 0} 
AT- = {ueNx: (V«>A(n), u) < 0} 
N^^ = {ueNx: (V^xiu), u)=0}. 
Before stating our main result, we give some nice properties of A'^^, A'^^ and 

Let 

{N-2)q A2 



The following lemma shows that the minimizers of Jx on A^^^^ are usually 
critical points for Jx- 
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Lemma 2. Let A G (0, Ao), if v is a local minimizer for J\on N\ and 
V i Nl, then WJx{v) = 0. 

Proof. If 77 is a local minimizer for Jxon Nx, then by Lagrange multipliers' 
theorem, there is a real 6 such that for any € -fr|(M) 

(VJxiv),^) =9{V^x{v),ip) 

If = 0, then the lemma is proved. If it is not the case we pick (p = v and 
we use the assumption that v G Nx to infer that 

{VJx{v),v) =e{V^x{v),v) =0 

which contradicts that v ^ A^^. □ 

Now we give some preparatory lemmas. 

Lemma 3. There is \i > such that for any A G (0,Ai) the set is 
empty . 

Proof. Suppose for every A > there is A' G (0, A) such that iV°, / and 
let u G N^, i.e. 

(V^y (n), u) = 2 \\uf - X'q \\u\\l -N [ f{x) \uf dv{g) = 

JM 

and by the fact that 

^A'(^) = - A' Ml - [ fix) |n|^ dv{g) = 

JM 



we get 

(1.6) 11^11^ = ^ — -I f{x)\u\^dv{g) 

Q JM 

and also 

(1-7) X'\\u\\l = ^ [ f{x)\u\''dv{g). 

Q JM 

Independently by the Sobolev's inequality and the coerciveness of the oper- 
ator Pg we obtain 

(1.8) [ f{x)\u\^ dv{g) <A'^{max{{l + e)Ko,As))^ max fix) \\u\\^ 
Jm ^e^^ 

where A denotes a constant of the coercivity. From (jl.6p and (jl.Sp we deduce 
that 



u > 



{N-q)A 2 ((max((l + e)Ko,A,)) 2 max^^gM f{x) 



(2-9) 

Let the functional : Nx — > M is given by 



1 

2-JV 
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Iiu€ iV°,, then and ([LTD give 



(1.9) 
Putting 



N-q\2 2-q 



2-q J N -2 



2 

■2-q 



2~q 



N-2 
2-q 



2 
9-2 



/(x) \u\^ dv{g) = 0. 



AI 



e 



2-gy N-2 



2 
2-<? 



and taking account of the coerciveness of the operator Pg and the Sobolev's 
inequahty one get 



2 

9-2 



\A^A-2y(M)i~l(max((l + £)Ko,^e))2 ||n|| 
-A ^(max((l + e)Ko, A^))^ max/(x) ||n|| . 



That is to say 

'N -q 



( 



3. N-q\2 2-q\ Nq 



2-q ; \N-q 



2 
9-2 



AV(M)i-iv(max((l + e)i^o,^e))2 



2 

AT \ 2-JV 

, A 2 ((max((l -h e)i^o,-4£)) 2 max/(x) 
2 — q J xeM 

Hence, if A is sufficiently small, so as A' > and Iy{u) > for all u(£ N^,. 
This contradicts (|1.9p . So there is Ai > 0, such that for any A € (0, Ai), 
the set iV^ = 0. □ 

From Lemma m Nx splits as Nx = U where < A < Ai. We 
define 

ax = inf Jx{u), = inf Jx{u) and = inf Jx{u) 

Lemma 4. For eac/i A € (0, Ao), ^/le functional Jx is bounded from below 
on Nx- 



Proof. If u S A^Ajthen by equality (|1.6p and the Sobolev's inequality, we 
deduce that 

Jx{u) > ^ \\uf - A^y(M)i-^(max((l + e)Ko,A,))i 
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and taking account of the coerciveness of the operator Pg, we infer that 

Jx{u) > \\uf - A^^A-§y(M)i-* (max((l + e)Ko, A,))§ Unf 

where A is a constant of coercivity. 
liu e Nx and \\u\\ > 1, 



Jxiu) > 
So, if 



(iV-2)«A5 
2{N - q)V{M)'^-^{max{Ko,As))i ' 



then 

Jx{u) > 

If n E Nx with||n|| < 1, we have 

Jx{u) > -X^^A~-2ViM)^-^{max{il+e)Ko,A,))i. 

Thus Jx is bounded below on Nx ■ □ 

As a consequence of Lemma [2] we have 
Lemma 5. If A € (0,Ao), we have 

aj" = inf Jx{u) < 0. 

u€N+ 

Proof. If n G , then 

JxW 2^ ||n|| ||u||g 

and since 

{V'^x{u),u) = 2 - Xq \\u\\l -N [ f{x) \u\^ dv{g) > 



A/ 



we get 



I.e. 

inf Jx{u) < 0. 



Lemma 6. For every A G (0, min(Ao, Ai)), 

= inf JA(n) > 0. 

u&N- 



□ 
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Proof. If u € N^ , then 



T ( \ II ||2 A(jV-g) „ 

JA(n) = Hull \\u\r 



2N 



Nq 



and since 



(1.10) {V<^x{u),u) = 2 - Xq WuWi - N / f{x) \u\'^ dv{g) < 
we infer that 

n in II i|2 ^ A(jV-g) „ 

1-11 >^ ^ li ^ • 

V ; II II (AT -2) " 

By Sobolev's inequahty and from the coerciveness of the operator Pg, there 
exists a constant A > 0, such that 



Jx{u) > 



N -2 
2N 



I ii-i \ 
n — A 



N -q 
Nq 



A-W{My-N {max{{l + e)Ko, Ae))i \\uf. 



So if u S N-^ and ||n|| > 1, 



(1.12) 

Jx{u) > 

hence if 



^ - A^A-f y(M)i-l(max((l + e)ir„,^,)) 



< A < 



{N -2)q A2 



2{N-q) y(M)i-iv (max((l + e)K,,Ae)) 



Ao 



then 



Jx{u) > 

In case u € and < 1, by Sobolev's inequahty, the inequahty (|1.10p 
and the coerciveness of the operator Pg, we obtain 

< C < < 1 

where 



(2-g)AT(max((l + e)Ko,^e))" 



{N - q) ma.Xx(^M f{x) 

and A is a constant of coerciveness. 
The inequality (I1.12P becomes 

Jx{u) > ^C'-A^A~fy(M)i-l(max((l + .)Ko,^,)) 

Hence, if we take 

(^-2) ,2 ^i 

(1.13) < A < ^ ^r^^ 

then if A € (0, min(Ao, Ai, A2)) we obtain 

J\{u) > C > 



- — A2 
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where C is constant depending on N , A, V{M), Kg and A^. So 

inf Jx{u) > 0. 

□ 

For each u E H2 — {0}, define 

Eit) = f-i\\uf-t''-i [ flul^'dvg 

Jm 

so E{0) = and E{t) goes to — cxd as f — )■ +00. Also for i > 0, we have 

E'{t) = {2-q) \\uf -{N - q)t^-i-^ [ f \uf dv„ 
and E'{t) = at 



to = 



O \ TT-^ ( II l|2 \ JV-2 



Hence E{t) achieves its maximum at to and it is increasing on [0, tg) and 
decreasing on [^o, + oo). 

Evaluating the function E at to, 



2 - g \ iV-2 / \\u 



|2 \ JV-9 



|2 



N-q 

N — q / 2 \ ^ ^ '^ 

N-2(2-q\'^-2 \\u\\ N-2 



N-q\N-q 



2-9 • 

iV-2 



By the Sobolev's inequality we get for any e > 0, 

/ dvg < ll/IU ({K'o + e) II Au||^ + A {e) Ml) 

N_ .J. 

<\\f\\^ms^{K^g+e,Aie))^ \\u\\^. 
<A-f 11/11^ max + 



/ 

Jm 



f II 11^ 



c^-ii/iiooiHr 



where A is the constant of the coercivity, K^, the best constant in the 
Sobolev's inequality and A (e) the correspondent constant, ||/||^ = sup3.gj\^ |/( 
and C = max [K^ + e,A (e)) . 
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Consequently 

(1-14) ^('o)>j^^[-^^) c^ii/iLinr. 

Independently and in the same way as above we get 
(1.15) < A-ivoliM)^'NCi WuW" . 

Hence 

^(0) = 0<A||u||^<^(to) 

provided that 



A < 



2-9 

Af-2 / \ N-q 
N-q yN^qJ 

, „ N-q 

vol{Mf-^C~ 



Consequently by the nature of the function E{t) we infer the existence of 
t", t+ with < t+ < t° < t~ such that 

(1.16) A||u||^ = ^(t+) = ^(t"). 

and 

E'{t+) > > E'{t-) 
Now we evaluate ^\ at t^u and at f^u to get 

^x{t~u) = {VJx{t-u),t~u) 



{t-f\\uf-{t-Y [ f lu]'' dv, - \ {t-) 
Jm 



-Ml 



= (n I r ) ii«ii - r ) ' j^^ / w\" - a iiuh 

and by ()1.16p we deduce that 

^x{t-u) = 

and also we get 

^x{t+u) = 0. 

Moreover, we have 

{V^x{t'u),t-u) =2{t~f\\u\\^ -N [r)^ [ f\ufdvg-q{t-yx\\u\\l 
and taking account of (I1.16P we infer that 

(V^xit'n), t-u) = {2-q) [f-f \\u\\' -{N-q) {f-f [ f \nf dvg 
and again by ()1.16p we obtain 

{V<^,{t-u),t~u) = {t')'^'^ ((2 - ,) {t-y-" \\uf -{N-q) {t-f-'^-' [ f 

= {t-y^'E' {t-) <o 

that means that t^u € N^ . By similar procedure we get also f^u € A'^^ 



M 
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2. Existence of a local minimizer for Ja on and 

In this section we focus on the existence of a focal minimum of Jx on 
and A'^^ to do so we wih be in need of the fohowing Hardy-Sobolev 
inequaUty and Refoich-Kondrakov embedding respectively whose proofs are 
given in (jSj). The weighted {M,p"') space will be the set of measurable 
functions u on M such that p"' are integrable where p > 1 and 7 are real 
numbers. We endow {M,p"') with the norm 



p 



Theorem 4. Let (M, g) he a Riemannian compact manifold of dimension 

7 n n 

p ~ q p' 



n> 5 andv, q , 7 are real numbers such that - = — — - — 2 and 2 < p < 



For any e > 0, there is A(e,q,j) such that for any u G H2{M) 
\\u\\l,p-y < (1 + (^)K{n, 2, 7)2 II Agiillg + A{e, q, 7) ||^i||2 
where K{n,2,'j) is the optimal constant. 



1 



In case 7 = 0, K{n, 2, 0) = K{n, 2) = Ko is the best constant in the 
Sobolev's embedding of i/|(M) in L^(M) where = 

Theorem 5. Let (M, g) be a compact Riemannian manifold of dimension 
n > 5 and p, q, 7 are real numbers satisfying 1 < q < p < n"^2q ^7^0 '^'^'^ 
/ = 1,2. 

//^ = n(| — ^) — / then the inclusion H'j'{M) C LP{M, p^) is continuous. 
If ^ > n {■^ — ^) — I then inclusion Hf{M) C LP{M,p'^) is compact. 

The following variant of the Ekeland's variational principle will be also 
useful 

Lemma 7. If V is a Banach space and J ^ (V, R) is bounded from 
below, then there exists a minimizing sequence (n„) for J in V such that 
J{un) — ^ infy J and E' {un) ^0 as n —> 00. 

Lemma 8. For any A € (0, Ao) 

(i) There exists a minimizing sequence {um)m -^A such that J\{um) = 
a\ + 0(1) and VJx{um) = o(l) 

(ii) There exists a minimizing sequence {um)m *^ such that J\{um) = 
+ 0(1) and V J\{um) = o{l). 

Proof. By Lemma S] and the Enkland's variational principle ( see [7|) J\ 
admits a Palais-Smale sequence at level a\ in Nx{ the same is also true for 
(ii) ). □ 

Now, we establish the existence of a local minimum for Jx on 

Theorem 6. Let A G (0, Aq), and suppose that a sequence {um)m C 
fulfils 
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. VJA(n„) -/i,^^V$A(^^m) ^0 
with 

(CI) c< 5 ^. 

n Ko {Max x&Mf{x)) * 

Then the functional Jx has a minimizer in which satisfies 
(i) Jx{u+) = < 0, 

(a) is a nontrivial solution of equation il.3\} . 
Proof. Let {um)m C be a Palais-Smale sequence for Jx on Nx i.e. 
Jxium) = ax + o(l) and VJa('u™) = o(l) in i/|(M)'. 

Obviously 

-ax + 0(1) < JA('Um) - - {VJx{Ujn),Um) < "A + o(l) 

q 

or 

, , /iV-2 iV-2\ „ „2 
-QA + o(l) < ( iVg~j <aA + o(l). 



Hence 



-1 



fN-2 N-2\ „ „2 /iV-2 iV-_, 
"A +o(l) < -Um < -aA +o(l 

so the sequence ('Um)m bounded in i^l (-^) ^i^d by the well known Sobolev's 
embedding, we get up to a subsequence that 

Um — >• weakly in H2{M). 
Urn strongly in LP{M) fov I < p < N = 

Vum Vn+ strongly in L«(M) for 1 < g < 2* = 
Um — > a.e in M. 
Put 

by Brezis-Lieb Lemma ( see [9]), we obtain 



and 



M 



\\AgUm\\l ~ Il^9^'^ll2 = Il^9^mll2 + "(^) 

f{x)(\um\^-\u~^\^)dv{g)= / f{x)\wm\^dv{g) + o{l) 

^ ^ J M 



Now since a G (0, 2) and ^ € (0, 4), by Theorem[5]we infer that Vum — Vu"*" 
strongly in L'^{M, p^^) and Um strongly in L'^{M, p"'^). First, we prove 

that u+ e Nx- 

Taking into account of the strong convergences of Vum Vu^ in (M, p^'^) 
and Um in (M, p~'^), we obtain 

Jx{um) - Jxiu^) 
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(2-1) = i^\\\{um-u~^)\\2- j;;^ l jix)\um-u^\ dv{g) + o{l). 



M 



Since Um — u"^ — >■ weakly in //|(M), we test by VJ\{um) — VJ\{u) and 
get 

(2.2) \\Ag{um-u+)\\l- [ f{x)\u„^-u+\^ dvig)=oil). 

Jm 

So by (|2.2|) . we obtain 

J\{Um) - J\{u^) = ^ II Ag [um - U^) II2 " \\^g (""m - '"'^)||2 + ^(l) 

i.e. 

JxiUm) - J\{u^) = - II [Uni - U^)]]^ + o{l). 

By Sobolev's inequality, we have for all u € H2{M) 

\\u\\\ < (1 + e)Ko / {/^guf + \Vgu\^ dv{g) + As u^dv{g) 
We test the Sobolev's inequality by Um — u, to get 

(2.3) \\u^-u+\\l<{l + £)Ko [ {Ag{um-u+)fdv{g)+oil). 

Jm 

Then implies that 

/ fix)\um-u+\^ dvig) < {l+e)^^maxf{x)Kf~'\\Ag{um-u+)\\^+o{l) 
Jm ^6^^ 

and by ()2.2p one writes 

0(1) > ||Ag {um-u+)\\l-{l+e)^imaxf{x)Kr~' || A3(u^ - n+)||f +o(l). 

xdM 

or in another words 

0(1) > II Ag (n„ - u+) \\l (l-(l+e)^^^ max/(x)irj^ || Ag (u„ - u+) H^^^^^^^^^^ 
Hence if 

1- II A / +\ 11^-2 1 

\\msvLY>\\Ag[um-u^)\\2 < ^ 

'"^+°° (1 + e)—^Kr' max^eAf f{x) 

we get 

2 /■ 2 

-/ {Ag{um-u~^)) dv{g) < c. 
Jm 

and since by assumption 

2 



c < 



n KoHMax ^(.Mfix))'^ 
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we deduce that 



2 1 

{Ag{um - n+)) dv{g) < 



— n — 4 

Ko^max^^^M fix)) — 



Hence 



n AT 

o(l) > \\Ag{u^-u+)\\Ul-{l + e)—maxf{x)K--' \\Ag{um - n+)r~') +o 



>0 



or 



\Ag{Um - U^)\\\ = 0{l) 



12 

i.e. Um — ^ converges strongly in ff|(M). 

Obviously € N\. We claim that G A'^^ since it is not the case 
G N^, thus (VJa = and (V<I>A(?i+), u+) < 0, which implies 
that J\{u^) > 0, contradiction. 
Then, 

-^a(^^^) = = ax < 0. 

Now, we want to prove that is a trivial solution to equation (|1.3p but 
this follows from Lemma [2] since in that case is a global minimizer of 
Jx in H^{M). □ 

Theorem 7. iei A G (0, Ao) anc? suppose that a sequence {um)m C 
fulfils 

Jx{uJ < c 



with 

(2.4) c < 



n Ki {Max ^^Mf{x)) 



n — 4: 
4 



Then the functional Jx has a minimizer u in and it satisfies 

(i) Jx{u^) = > 0, 

(ii) u" is a nontrivial solution of equation U.l\} . 

Proof. The proof is similar to that of Theorem [6l so we omit it. □ 

Remark 1. The nontrivial solutions n+ and of equation given 
by Theorem and Theorerr^ are distinct since G , u^ G and 
N+r\N^ = 0. 

3. The sharp case a = 2 and /i = 4 

By section four, for any a G (0, 2) and /i G (0,4), there is a weak solution 
'"ct,/^ ^ -^A^ (resp. G N^) of equation (|1.3p . Now we are going to show 
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that the sequence (u^^^)^^ and (u^^^)^^are bounded in i7| (M). First of 
ah we have 

J\,a,fi{'^a,,i) = 7;h'7,,i\\'^ - I f{x)\Ua,^jf dvg--\ [ \u„,p\''dVg 

^ Jm Q Jm 

and since Uq-,^ € Nx, we infer that 

T ( \ ^-^ 1 1,2 .^i^ f I 19 , 
J\,aA'^'^,t^) = - I^'^'mI dVg. 

For a smooth function a on M, denotes by a~ = min (0, min^^gAf (0(3;)). 
Let K{n, 2, cr) the best constant and A (e, a) the constants in the Hardy- 
Sobolev inequahty. 

Denote by )m a countable subsequence of the sequence (uj" )o-,^ 

given above. 

Theorem 8. Lei (M, g() 6e a Riemannian compact manifold of dimension 
n > 5. Let {W^)^ = {u'^ ^ )m be a sequence in such that 

VJx(u+)-u V<l>x(u+)^0 ■ 



Suppose that 



n -fC (n, 2) 4 (max^gM 



and 

1 + a~ max (i^(n, 2, a), j4 (e, a)) + 6~ max (K(n, 2, A (e, //)) > 
t/ien t/ie equation 

(3.1) A^n - V^(^V.u) + ^ = / l^xl"^-' n + A j^x^-^ ^ 

P P 

has a non trivial solution G A'^^ in the distribution . 



Proof Let (n+)^ = ^ C iV+,^^, 

As in proof of Theorem [U we get 



,2,iV-2 .iV-g 



9 



lh;t.|r (^^-A^^A4y(M)i- iv (max((l+e)K (n, 2) , A,)) 2 > 
where < A < "'^ 5 = A+ „ and „ is the 

y(M)^"TV(max((l+e)ii:(n,2),As)):?r9-2 

coercivity's constant ( which depends on a and /i) 
First we claim that 

lim inf A^ u > 0. 

(a,Ai)^(2-,4-) 
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Indeed, if i^i,o-,^t denotes the first nonzero eigenvalue of the operator u — > 

Pg{u) = A^u - div (^-p^Vguj + ^, then clearly A^,^ > i^i,<j,^. Suppose by 

absurd that lini(^,^)^(2-,4-) inf A^,^ = 0, then liminf(^_^)^(2-,4-) i^i,^,/^ = 0. 
Independently, if Ua,fi is the corresponding eigenfunction to l^l,a,^l we have 



HA „2 f a\Vuf , f bu^ ^ 
z^i,<x,M = ||Am||2 + / dvg + / —dvg 
Jm P Jm 

P"" ' JmP^ ' 

where a~ = min (0,mmx£M cl{x)) and 6^ = mm{0,mmxeM b{x)). The 
Hardy- Sobolev's inequality leads to 

|2 



and since 



/ ^—^dvg<C{\\V\Vu\f + \\Vu\ 
Jm P'^ 



\V\Vu\f < ||V\||^ < ||Anf + /3 ||Vn|| 



where /3 > is a constant and it is well known that for any e > there is a 
constant c (e) > such that 



iVnlp < e II Anll^ + c ||w||^ . 



Hence 

|2 



(3.3) / ^^^dvg <C{l + e)\\Auf + A{e)\\uf 

Jm P" 

Now if K{n^ 2, cr) denotes the best constant in inequality (j3.3|) we get for 
any e > 

[2 



(3.4) / ^-^^dvg<[K{n,2,Gf ^e)\\Auf ^ A{e,a) 
Jm P'^ 



I l|2 

\u\\ . 



By the inequalities (|2.3p . (|3.2p and (|3.4p . we have 

> (l + max {K{n, 2, a), A (e, a)) + 6~ max {K{n, 2, fi),A (e, //))) 

X (^||An^,^||^ + ||ti<j,^||^ 
So if 

1 + a~ max {K{n, 2, a), A (e, a)) + b~ max (-fr(n, 2, /i), ^ (e, /x)) > 
then we get limo-^^ {ucr,fj.) = and ||^to-,/x|| = 1 a contradiction. Denote by 

A = liminf Aq- 

The same arguments as in the proof of TheorerrO we obtain that 
< Kti ^ < h+ l<-a+ —- -— +o(l) 
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where 

It is easily seen by the Lebesque'dominated convergence theorem that ^ 
goes to ||u^||2 4 as (cr,^) — ?• (2,4). 

Now by reflexivity of -fr|(M) and the compactness of the embedding 
F|(M) C H^{M) ( k = 0,1; p < N), we obtain up to a subsequence 
we have: 

^ ^"^ weakly in -ff|(M) 

~^ ^"^ strongly in LP{M), p < N 
Vn+J^^ ^ Vu+ strongly in LP{M),p<2* = ^ 
ut ,, — > a.e. in M. 
For brevity we let ut, = ut „ 
The Brezis-Lieb lemma allows us to write 

/ {Agu+)'^dvg= / (A3n+)^d?j<,+ / {Ag{u+-u+))'^dvg + o{l) 

JM JM JM 

and also 

/ fix)\u^\'^dvg= f{x)\u'^\'^dvg+ /(x) |n+ - n+l^dug + o(l). 
JM JM JM 

Now by the boundedness of the sequence we have that m+ — ?> n"*" 

weakly in H^iM), Vu+ — > Vti+ weakly in L'^{M,p~'^) and n+ n+ 
weakly in L^{M, p-^) i.e. for any if G L2(M)If 6 G (0, 5(M)) then we obtain 
for every ip £ (M) 
(3.5) 

/ ^ (n+)Vci.(5) = / ^ K)' cf.(5)+ / ^ dv{g) 

Jm P^'" Ji3p(5) P^'" Jm-Bp{5) P^"" 

and 

/ ^(n+)'dt;(5)= / {u+f dv[g) + oil) when <5^^^4-. 

Now the fact ii+ — ^ -u"*" weakly in Hl{M), Vm+ — ^ Vu^ weakly in L'^{M, p^^) 
and —7- weakly in L'^(M,p~^) expresses as: for all ip € Lp'{M) : 

[ ^VulV^dv{9)= [ ^Vu+Vipdvig)+o{l) 
Jm P Jm P^ 

and 

^-^u+^dv{g)= f ^-^u+^dv{g) + o{l). 
M P Jm P 

Consequently is a weak solution to equation (|3.ip . 

Since n"*" weakly in //|(M), we have for all (j) € L'^{M) 



I 

JM 



M 



{u^-u+)Alcl,dv{g)=o{l) 
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then, 



M 



u+A'(l)dv{g)= Agcl)AgU+dv{g)+o{l). 



M 



For the second integral, we obtain 



a{x) 



M V P' 
Consequently 



M V P' 



a(x)„ _i_ a(x)„ . 1 „ , , , s 
^V,n+ - ^V,^z+ ) Vct>dv{g) 



a{x) 



a{x) 



M V P 



a{x) 
a{x) , 



V gU^ 



< 



P^ 



VgU^ V(f)dv{g) 



+ 



2 ^ S^m 



< 



^V, {ul-u+)V^dv{g) 



M P 



+ 



M 



M V P 

a{x)V(INgU^ 



^V,u+ ) Vct>dv{g) 



1 



By the weak convergence in L?'{M, p ^) and the dominated Lebesgue's con- 
vergence theorem, we obtain that 



a(x) 



IM \P" 
The third integral splits as 



VgU + 



^Vgu+ ] VHvig) = o(l). 



M \P' 



n+ (l)dv{g) 



b{x) , b{x) , b{x) 



M \P' 



Urn. ~l~ 



h{x) 



4 ""m 



SO 



P^ P 

b{x) , b{x) 



4 ""m 



< 



\b{x)(l)Ur 



M 



M \P^^ 
1 1 



P^ 



m 



dv{g) + 



b(x) 



'/"^^^(S') 



and by the same arguments, we obtain that 

I b{x) 



L 



M \P 



n+ = 0(1) 



It remains to show that p^n — > as m — > +oo and ti^ — )• n"*" strongly in 



Hi (M) but this is the same as in the proof of Theorem [71 
Consequently n"*" is a nontrivial solution in Nf of equation . 



□ 
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4. Test Functions 



To give the proof of the main result, we consider a normal geodesic coordi- 
nate system centred at Xo- Let Sx^ip) the geodesic sphere centred at Xo and 
of radius p strictly less that the injcctivity radius d. Let dvh be the volume 
element of the n — 1-dimensional Euclidean unit sphere S'^~^ endowed with 
its canonical metric and put 

G{p) = ^ [ ^M^\dvh 

S{P) 

where LOn-i is the volume of S*"^^ and \g{x)\ the determinant of the Rie- 
mannian metric g. The Taylor's expansion of G{p) in a neighborhood of Xo 
expresses as 



Gip) 



1 



+ oip') 

on 



where Sg{xo) is the scalar curvature of M at Xo- 

If B(xo,S) is the geodesic ball centred at Xo and of radius S such that < 
2(5 < d, we consider the following cutoff smooth function rj on M 



1 on B{xo, S) 

onM-B{xo,2S) 

Define the following radial function 



Ueix) = ( 



(n - A)n{n^ - 4)e*^ 



{{por+e 



with 



e 





a 




b 






+ 




) 


7 


r 


7 





where p = d{xo,x) is the distance from Xq to x and f{xo) = maxx eM fix). 
We need also the following integrals: for any real positive numbers p, q such 
that p — g > 1 we put 



7« 

p 



which fulfill the following relations 
p — q — 1 



il+t)P 



dt 



P 



p 



and 



-'p+i 



+ 1 



p 



-q-l P+^' 



5. Application to compact Riemannian manifolds of dimension 

ra > 6 

Theorem 9. Let (M, g) be a compact Riemannian manifold of dimension 
n > 6. Suppose that at a point Xg where f attains its maximum the following 
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condition 



A/(x„) 1 
/ (xo) 3 



(n - l)n (n^ + 4n - 20) 



V 



(n2 - 4) (n - 4) (n - 6) 



1 + 



+ 



I 



holds . Then the equation has at least two non trivial solutions. 

Proof. The proof of Theorem [2] reduces to show that the condition (IClj) of 
Theorem [6] which is the same condition ()2.4p of Theorem ?? is satisfied and 
since at the end of section 1, we have shown that for a given u € (M) 
there exist two real numbers t~ > and > such that t^u £ and 
t~^u G for sufficiently small A, so it suffices to show that 

SUpJA(tMe) < — n —■ 

*>o KoMmax,.eM/(:E))4-i 

The expression of /^^ f{x) \ue{x)\^ dvg is well known (see for example [lOj ) 
and is given in case n > 6 by 



M 



f{x) \u^{x)\'^ dvg 



Klifixo)) 



4 



A/(xo) 



2(n-2)/(xo) 6(n-2) 



The following estimation is computed in [7J and is given by 



a{x) |„ ,2 , ^ 

— IVUel dVg < 



(n - if 



n — 4 

2 A\A\ 



M P 

(n - 4)n(n2 - 4)e 

I n-2 1 — 1 
^ 1 ^ {n^2)r 



l-^e-(n-4)+2-^ 



Letting 

(5.1) A = i^o' 
we obtain 



n i-i r— 1 

|(n-4)4+^ X {ujn-i) - 



(n(n2 -4)) 



n — 4 
4 



n — 2 I r 
r 2 ' r-1 
(n-2)r 
r-l 



i^o^ (/(Xo)) 



n-4 
4 



Also the estimation of the third term of Jx is computed in as 



b{x] 



u^dvg < \\b\\ 



(n - 4)n(n2 - 4) 



n — 4: 
4 



^ 2 ^ 



^ (n-4)s 
("-1) 
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Putting 

(5.2) B = Kliin - 4)n(n2 - 4))^(^^)^ ( 



2 

n — 4)s 

(731)- 



we get 



J M 



xju^dVg < e ^-i ■ 



B 



Ko'{f{xo))- 

The computation of /^^ (Aue)^ dv^ is well known see for example (pQ]) and 
is given by 

+ 4n - 20 



M 



Khfixo))'^ V 6(n2-4)(n-6) 



Sg(xo)e^ + o(e' 



Resuming we get 



e- 



(Aue)^ — a{x) |Vue|^ + b{x)v?^dvg < ■ 



Now, we have 



An 

+ e^--e^^B 



n n 



b_ 



+ 4n - 20 



6(n2 -4)(n-6) 

(i-Ue) < ./o (i^ie) = — Ihef - -TT / f (x) \Ue{x)\^ clv, 



Sg{xo)e'^ + 



< 



+ 



— A 



a 

Sg{xo)\t^ 1 2 n2 + 4n-20 / 



71 ri 



+ e^-^9~~B 



9 

b 



N 



2 (n - 2) f{xo) 6{n-l) J N 2 6 (n^ - 4) (ra - 6) 
and letting e small enough so that 



n n 



n n 



+ e^-^e~~B 



b 




a 




b 








+ 




pl^ 


s V 


7 


r 


pt^ 



and since the function ip{t) = ay — with a > and t > 0, attains its 

1 

maximum at t„ = a^-^ and 



Consequently, we get 

Jx (tu,) < 

M{Xo) 



(f{to) = -ai. 
n 



20-" 



nKo'fixo)^ 





a 




b 




+ 






7 


r 





+ 



^ Sg{xo) \^ tl _ 1^2 n2^ + 4n-20 ^^^^ 



2(n-2)/(xo) 6(n-l)yA^ 2 °6 (n^ - 4) (n - 6) 
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Taking account of the value of 9 and putting 

Af{xo) , Sg (xo) 1 n2 + 4n - 20 



R{t) = 
we obtain 



2 (n - 2) /(xo) ^ 6 (n - 1) J iV 2 6 (n2 - 4) (n - 6) '^^ ^"^"^ 



sup Ja (in,) < ^ — 

t>0 nKoMmax,eM/(a:))*"' 
provided that R{to) < i.e. 

/ 



A/(x,) 



< 



n (n^ + 4n - 20) 



1 



3 (n + 2) (n - 4) (n - 6) 



v 



1 + 



+ 



n - 2 
3(n - 1) 



J 



Which completes the proof. 



□ 



6. Application to compact Riemannian manifolds of dimension 

n = 6 

Theorem 10. In case n = 6, we suppose that at a point Xo where f attains 
its maximum Sg (xq) > 0. Then the equation II 1-1]) has at least two distinct 
non trivial solutions in the distribution sense.. 

Proof. In case n = 6 the only term whose expression differs from the case 
71 > 6 is the first term of Jx and is given ( see for example |10j ) by 



(AUe) dVg = — 5 

Letting e so that 



n — 4 
4 



1 + e 



n n 



2-- /}- 



n n 



A n 



b 




a 




b 






+ 






s \ 


7 


r 





where A and B are given by (j5.ip and ()5.2p . we get 

Jx{Ue) <^\\Uef - ^ I f{x)\u^{x)\^ dVg 



< 



Ko'{f{Xo)) 

n - 4 



n — 4 
4 





a 




6 








+ 




3 




7 


r 







1-- +Ar 



N 



(n2 - 4) Iii 
As in the case n > 6 we infer that 



■^r:-^9 ^Sg{xo)t e log [ — 



max Ja (tUe) < h 

nKo^(/(xo)) 



n — 4 
4 
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provided that 

Sg{Xo) > 0. 

Which achieves the proof. □ 
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